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ABSTRACT: This paper considers the influence of spatial variability of soil properties on the stability of 
an unsaturated soil slope during and antecedent to a rainfall event. With water tending to follow a rather 
tortuous flow path during the infiltration process, slope failures may occur locally due to loss in matric 
suction with increasing degree of saturation. An elasto-viscoplastic finite element program combined with 
random field theory is used to analyse the influence of the heterogeneity of the subsoil, as characterised 
by the point and spatial statistics of the property values. Using a Monte Carlo framework, the results of 
multiple realisations have been evaluated in terms of reliability as a function of both global factor of 
safety and time. 

Keywords: Heterogeneity, rainfall, reliability, slope stability, unsaturated soil 

1 INTRODUCTION 

Analysing the stability of soil slopes is one of the oldest tasks in geotechnical engineering. However, 
even this relatively “simple” task of modelling and analysing the performance of a slope, in a residual soil 
or as part of a man-made embankment, will become challenging when accounting for the unsaturated 
state of the soil in interaction with the soil-atmosphere boundary at the ground surface. Changes in mois-
ture content and matric suction as a function of the atmospheric condition directly influence the perme-
ability, stiffness and strength of the subsoil. Thus, in order to address the stability of a soil slope, this 
boundary needs careful attention. However, the continuing occurrence of slope failures and landslides 
during or antecedent to rainfall events discloses the need for further investigations. 

With the increasing demands of a fast growing world population and developing countries for suitable 
infrastructures, the design of engineered soil slopes in urban and industrial areas is becoming more re-
quired then ever. Since the risk associated with a slope failure may be interpreted as the product of the 
probability and the consequence, reliability-based methods should be used in order to account for the un-
certainties involved within the slope design and construction process. Hence, rather than using the usual 
“cautious estimate”, the risks involved can be individually addressed and quantified. 

The degree of uncertainty involved will be influenced by both the epistemic (subjective) uncertainty, 
accounting for the lack of knowledge, e.g. as in sampling, testing and modelling, as well as by the alea-
tory (objective) uncertainty, representing the inherent spatial variability of the subsoil (Helton, 1997). 
This paper aims to investigate the influence of the second type of uncertainty, that is, due to the subsur-
face heterogeneity, on the reliability of an unsaturated soil slope subjected to a rainfall event. 

Various numerical analyses of rainfall-induced slope failure, in homogeneous unsaturated deposits, 
have been conducted in recent years, e.g. Cho and Lee (2001), Cai and Ugai (2004), Rahardjo et al. 
(2007) and Huang and Jia (2009), with reliability-based investigations on unsaturated slope stability be-
ing limited to first- and second-order analyses, e.g. Babu and Murthy (2005) and Zhang et al. (2005). 

However, even within a moderately heterogeneous soil deposit, failure tends to propagate through the 
inherent weaker zones. Using random field methodology, the influence of the spatial variability of soil 
properties on the stability of saturated soil slopes has been investigated for undrained conditions, e.g. by 
Paice and Griffiths (1997), Hicks and Samy (2002a, 2002b, 2002c, 2004), Griffiths and Fenton (2004) 
and Hicks and Spencer (2010), for slopes under drained conditions, e.g. Szynakiewicz et al. (2002) and 
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Griffiths et al. (2009), and for soil slope liqueafaction, e.g. Hicks and Onisiphorou (2005). Random field 
methodology has also been used by Arnold and Hicks (2010a, 2010b), to analyse the influence of spatial 
variability of matric suction on unsaturated slope stability under steady state conditions. This paper aims 
to extend these previous investigations to transient conditions, accounting for the spatial variability of 
both the soil properties influencing the effective shear strength, as well as those soil properties controlling 
the infiltration capacity, hydraulic conductivity, water content and thus the local matric suction. 

2 METHOD OF ANALYSING RAINFALL-INDUCED SLOPE FAILURE 

2.1 Constitutive model formulation 
In very recent years, several constitutive frameworks have been developed accounting for the direct cou-
pling between the mechanical, hydraulic and thermal behaviour of unsaturated soils. However, the use of 
sophisticated models is generally accompanied by an increasing number of model parameters, in many 
cases with a decreasing physical meaning. Due to the scarcety of information on the in-situ variability of 
soil property data, especially for unsaturated conditions, a rather simple constitutive model formulation 
has here been applied in order to capture the implications of inherent spatial variability on unsaturated 
slope failure. For this purpose, the hydraulic model has been implicitly (weakly) coupled with the me-
chanical model. This means that a change in water content will affect the matric suction and thus the 
shear strength within the subsoil; however, a change in mechanical properties, such as of the porosity due 
to a collapse upon wetting and therefore of the hydraulic conductivity, is disregarded in this paper. 

Darcy’s law is valid for describing flow through an unsaturated soil stratum (Buckingham, 1907), and 
has been presented in terms of the total head H as the driving potential by Richards (1931). The mass bal-
ance equation in mixed form, that is, using the head potential on the driving side and the water content on 
the residual side, is given by 

wK H Q
t


    


                         (1) 

where K is the hydraulic conductivity, Q is the boundary flux per unit time t, w is the volumetric water 
content and H is the total head which is the driving potential in moving the water. By assuming a constant 
gas potential, with the pore-air pressure being equal to the atmospheric condition, and by neglecting the 
osmotic potential by assuming pure water as the liquid phase, the total head is the sum of the suction head 
and the elevation head z (H=+z). Using the relationships proposed by van Genuchten (1980), in com-
bination with the statistical pore-size distribution relationship by Mualem (1976), w and K can both be 
computed as functions of the suction head , that is 
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where s is the volumetric water content at saturation which is equal to the porosity , r is the residual 
volumetric water content,  is the inverse of the air-entry suction head ae below which the soil is as-
sumed to behave in a saturated manner, Ks is the saturated hydraulic conductivity and n is the slope of the 
soil water retention curve about the inflection point.  

Bishop’s (1959) effective stress concept, combined with a linear elastic, perfectly plastic Mohr-
Coulomb type soil model extended to unsaturated conditions, provides the mechanical framework of the 
model. Hence, 

   tan tanf a a wc u u u                                       (3) 

where f  is the soil shear strength, c’ is the effective cohesion, ’ is the effective friction angle,  is the 
total stress, ua and uw are the pore air and pore water pressure respectively, and (-ua) is the net stress.    
(ua-uw) is the matric suction, which is equal to the suction head times the unit weight of water (s=-w), 
and  is the suction stress parameter, which is a scalar relating to the suction induced effective stress; the 
product of both, s, is often referred to as the suction stress. There is an ongoing discussion regarding the 
definition of , since it cannot be measured directly. Of the numerous existing empirical equations, 
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proposed by Vanapalli et al. (1996) and representing the effective degree of saturation Se, has been shown 
to give in most cases an appropriate estimate of the suction stress parameter. 

2.2 Numerical framework 
The constitutive framework has been implemented within a finite element program based on Smith and 
Griffiths (2004). The suction head values  at the nodes are computed by solving Equation 1, using the 
modified Picard iteration method (Celia et al., 1990) within an implicit Crank-Nicholson time integration 
scheme. An advantage of this weakly coupled constitutive framework is that the time steps within the 
seepage and slope stability analyses are independent. At user specified times, the suction head values  
are used to compute the suction stress s at the Gaussian integration points of the finite element mesh, for 
analysing the slope stability. Gravitational loading is applied to the soil slope, in order to generate the in 
situ stresses. The strength reduction method is utilised to determine the point of failure, which is obtained 
by gradually reducing the shear strength. The slope stability analysis is thereby performed, whereas the 
seepage analysis is continuously running in parallel until reaching the next time step specified for a stabil-
ity analysis. 

The net flux applied to the soil-atmosphere boundary is a function of the precipitation, evaporation and 
run-off. Modelling the evaporation effects is generally quite important when analysing long term and sea-
sonal events, in order to accurately predict the initial conditions prior to a rainfall event, since these have 
a significant influence on the infiltration capacity of the soil. However, in this investigation a single rain-
fall event is analysed and the effect of evaporation has not been accounted for. As a function of the mois-
ture content, the infiltration capacity of the surface nodes is calculated interactively. The difference be-
tween the precipitation and the net flux is assumed to flow down the slope as run-off and may infiltrate at 
nodes where the actual infiltration capacity is not utilised by the precipitation. Assuming an efficient 
drainage system at the right-hand boundary of the domain analysed in this paper, the remaining accumu-
lated run-off is removed at this point from the system.  

2.3 Reliability-based methods 
The local reduction in shear strength accompanying the movement of the wetting front through the sub-
soil, during and antecedent to a rainfall event, leads to a time dependent factor of safety. Furthermore, the 
local advancement of this wetting is clearly a function of the spatial variability of the soil properties. As 
stated by Duncan (2000): “Through regulation or tradition, the same value of safety factor is often applied 
to conditions that involve widely varying degrees of uncertainty. This is not logical.” 

The suction stress, water content and hydraulic conductivity are intrinsically coupled, and are time de-
pendent variables influenced by the changes at the soil-atmosphere boundary. Thus, even the use of a 
“cautious estimate” of the soil property values within a deterministic analysis may lead to an overestima-
tion of the slope safety. Consequently, the understanding of unsaturated soil mechanics in general and un-
saturated slope stability in particular, would benefit from the use of reliability-based design methods. 

In order to quantify the uncertainty, approximate first- and second-order probabilistic methods such as 
the First Order Reliability Method (FORM), Second Order Second Moment (SOSM) method and Point 
Estimate Method (PEM), as well as the Monte Carlo Method (MCM), are gaining increasing attention in 
engineering practice. However, by using only the point statistics, usually the mean X as a measure for 
the central tendency and the variance X

2 as a measure for the variability, of a parameter Xi, the spatial 
nature of the soil variability is either accounted for in a simplistic manner or possibly not at all. However, 
since the changes in suction stress are not only a function of time in combination with the applied soil-
atmosphere boundary conditions, but also a spatially variable parameter with the water tending to avoid 
less permeable zones by flowing in a rather torturous manner to follow the path of least resistance, it is 
important to account for this property within the analysis. 
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2.4 Accounting for spatial variability 
The spatial statistics are the scale of fluctuation in the vertical and horizontal directions, X,v and X,h re-
spectively. Vanmarcke (1983) defined the scale of fluctuation as the distance over which Xi is strongly 
correlated. Thus, the larger the value of X, the more homogeneous the soil deposit. 

In this investigation, the heterogeneity within the soil is considered to be moderate. Hence, the aim is 
to analyse the effect of the spatial variability within what seems to be a homogeneous soil stratum, so that 
a slope failure will be influenced by local weak zones, rather than by cracks, fractures and layer bounda-
ries implying a strong heterogeneity. Furthermore, the use of the finite element method in analysing un-
saturated flow is then straight forward, whereas, in a strongly heterogeneous deposit, more advanced con-
stitutive flow formulations, e.g. double porosity models, would need to be implemented to account for 
steep hydraulic gradients between, for instance, a crack and the surrounding soil. 

In this investigation, fields of random properties are generated using an algorithm based on Local Av-
erage Subdivision (Fenton and Vanmarcke, 1990). Based on the spatial statistics, n isotropic standard 
normal random fields are generated for a square domain through a process of uniform subdivision. Using 
Cholesky decomposition, the parameters Xi ... Xn are pointwise cross-correlated. A certain degree of ani-
sotropy of the heterogeneity,  X= X,h X,v, may be introduced by squashing and, if required, stretching 
of the isotropic field, as described by Hicks and Samy (2002b, 2004). The cell values are then trans-
formed to the designated distributions according to X and X

2. 

3 EXAMPLE PROBLEM 

A 45° slope of height 5m, founded on a firm base at a depth of 10m (Figure 1), has been analysed in 2D 
assuming plane strain conditions. The problem domain has been discretised using 0.25×0.25m eight-node 
quadrilateral finite elements for the stability analysis. For the computation of the suction head at any giv-
en time, 0.125×0.125m four-node quadrilateral elements have been used. At every user defined time level 
chosen for analysing the slope stability, the suction stress values are mapped onto the Gaussian integra-
tion points of the slope mesh, as shown in Figure 2. 

          

 
Figure 1. Problem domain, mesh and boundary conditions               Figure 2. Mapping of the suction stress s 

Although it is generally possible to describe all soil parameters by their point and spatial statistics, in us-
ing the implemented constitutive framework for analysing the stability of the unsaturated slope, five pre-
dominant parameters have been selected as spatially varying. Specifically, it is assumed that            f(x) 
= f (c’(x),’(x),(x),Ks(x),(x)), with the effective shear strength parameters c’ and ’ directly influenc-
ing the shear strength f, and , Ks and  indirectly via the suction stress s. The point statistics and dis-
tributions are summarised in Table 1 and are representative of a sandy clayey loam, see e.g. Rawls et al. 
(1982) and Carsel and Parrish (1988). 

It is assumed that c’, ’ and  are log-normally distributed, although the low coefficients of variation, 
VX = X / X, of 0.2, 0.3 and 0.15 respectively suggest that a normal distribution might also be used.  

The saturated hydraulic conductivity Ks, as well as the inverse of the air-entry pressure , are also log-
normally distributed, with coefficients of variation of 1.75 and 0.9 respectively. 
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T able 1.  Point statistics and distributions 
Material parameter X VX Distribution 
Effective cohesion c’ [kPa] 10.0         0.2 Log-normal 
Effective friction angle ' [°] 25.0 0.3 Log-normal 
Porosity  [-] 0.4 0.15 Log-normal 
Saturated hydraulic conductivity Ks [m h-1] 0.0036 1.75 Log-normal 
Inverse of the air-entry suction 
head 

 [m-1] -1.0 0.9 Log-normal 

 
The “representative” deterministic values assumed for the remaining material parameters are the soil unit 
weight, = 20kN/m3; Young’s modulus, E = 1×105kPa; Poisson’s ratio, = 0.3; dilation angle,       d = 
0°; slope of the soil-water retention curve, n = 2.0; and residual volumetric water content, r = 0.08. 

The definition of the covariance structure is one of the key issues in stochastic modelling and is espe-
cially difficult for soils; not only the definition of the parameter variance X

2, but mainly the definition of 
the cross-correlation coefficients Xi,Xjbetween the parameters is a complex challenge. This is due to the 
scarcity of data relating to the in situ variability, as well as the difficulty in interpreting the cross-
correlative effects on the outcome, e.g. the interpretation of the contributions of c’ and ’ to the saturated 
shear strength. 

Based on test results found in literature, a typical correlation matrix R (see Equation 5) has been set up 
to define the covariance structure for this boundary value problem. Test results mainly show a negative 
correlation between ln(c’) and ln(’), here assumed to be -0.5 in the underlying standard normal field; 
however, this is not always the case, as some results have shown, e.g. Lumb (1970). The strong positive 
correlation of  ln(),ln(Ks) = 0.8 is reasonable, since the larger the porosity the larger the saturated hydraulic 
conductivity. Moreover, an increasing porosity is associated with a decreasing air-entry suction head ae, 
and so a positive correlation for  ln(),ln() = 0.6 and implicitly for  ln(Ks),ln() = 0.5 is assumed. 

Looking at the heterogeneity within a soil layer, for instance, the effective friction angle ’ and the air-
entry pressure ae are both more likely to increase in denser zones, that is, with a decreasing porosity ; 
in contrast, the saturated hydraulic conductivity Ks will tend to decrease. Thus, despite the absence of ex-
perimental test data, it seems reasonable to assume some negative correlation between ln(’) and the in-
verse of the air-entry pressure ln(), as is the case between ln(’) and ln(Ks). However, since the correla-
tions between the effective cohesion ln(c’) and ln()ln(Ks) and ln() are not clearly evident from 
literature, these parameters are assumed to be uncorrelated. 
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The scale of fluctuation is a function of the geological deposition process and thus it seems reasonable to 
assume that  ln(c’) =  ln(’) =  ln()=  ln(Ks) =  ln() in the underlying standard normal field. A vertical scale 
of fluctuation of  ln(X),v= 2m has here been assumed. The influence of the degree of anisotropy of the 
heterogeneity will be investigated by analysing both isotropic and anisotropic soil property fields, with 
ln(X)= 6 for the latter. 

For the current investigation, the effect of a 48h rainfall event, on the stability of the soil slope shown 
in Figure 1, is analysed. Using a Dirichlet-type boundary condition, a constant suction head of              
init = -7.0m is applied to the soil-atmosphere boundary, representing an initially “dry” condition. A con-
stant head of gw = 0.0m defines the groundwater table, which, in this example, is fixed at the firm base at 
a depth of zgw = -10.0m. A continuous surface flux of qrain = 18.0mm h-1 is applied as a Neuman-type 
boundray condition for 48h, which is representative of a heavy rainfall event, and this is followed by an 
antecedent light rainfall event of qant = 1.0mm h-1, which is representative for a final “wet” condition. 

In order to compute the reliability of the soil slope, multiple Monte Carlo simulations are performed in 
order to obtain a converged solution. The air saturated c’-’ slope is analysed first: that is, Case 1, using 
only the 2×2 correlation sub-matrix at location North-West in Equation 5.  
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For a given factor of safety, the reliability of the slope is given by 

1 1 f
f

N
R P

N
                               (6) 

where Pf is the probability of failure, N is the total number of realisations and Nf is the number of realisa-
tions in which the slope fails. Two sets of reliability analyses have been performed for the slope under 
unsaturated conditions. First, c’ and ’ are kept constant at their mean values to analyse only the effect of 
the spatially variable suction stress on slope stability: that is, Case 2, using only the 3×3 correlation sub-
matrix at location South-East in Equation 5. Thereafter, for Case 3, a complete analysis with f(x) =           
f (c’(x),’(x),(x),Ks(x),(x)) is performed. Since the factor of safety is variable in time, multiple reliabil-
ity distributions have been computed in order to quantify reliability R as a function of time t. For this pre-
liminary investigation, 300 Monte Carlo realisations per time step where found to be sufficient to analyse 
the time dependent structural response in a qualitative manner. 

4 DISCUSSION OF RESULTS OF EXAMPLE PROBLEM 

Assuming the soil is completely air saturated above the groundwater level, the computed traditional factor 
of safety based on the mean property values is FOSsat() = 1.39. Figure 3 shows the influence of scale of 
fluctuation on reliability R versus global factor of safety F for Case 1, where F is computed for every 
Monte Carlo realisation by dividing the traditional factor of safety based on the mean strength values by 
the factor of safety based on the heterogeneous property field (i.e. F = FOSsat() / FOSsat). It is seen that, 
for the isotropic and anisotropic fields, most responses are weaker than the deterministic solution based 
on the property means; that is, with R < 0.5 for F = 1.0, thereby implying that failure is attracted to the 
weaker zones. Also, the response distribution becomes wider as the degree of spatial correlation in-
creases, due to each field having a more uniform appearance which leads to a wider range of possible so-
lutions. 

     
Figure 3: Reliability versus global factor of safety                           Figure 4. Time dependent factor of safety based  
for Case 1                                                                                          only on the mean property values 

Based on the deterministic mean property values, Figure 4 shows FOSunsat() for the soil slope accounting 
for the unsaturated state as a function of time. At the initial state there is a maximum suction stress of s 
≈ 9.71kPa within the soil, causing the factor of safety to increase from FOSsat() = 1.39 for the air satu-
rated case to FOSunsat() = 1.75. During the 48 hours of heavy rainfall the stability of the slope is only 
slightly reduced. This is because, firstly, for this sandy clayey loam, the wetting front is moving only 
slowly through the ground, reaching zones critical for defining the slope failure only antecedent to the 
rainfall event itself. Secondly, the infiltration capacity reduces quickly as the area close to the surface be-
comes saturated, leading to run-off and thus to a reduced net influx. Note that, for the current boundary 
value problem, the matric suction is only temporarily reduced to zero during the heavy rainfall in the lo-
cal region of the moving wetting front and recovers partly thereafter due to drainage of the soil water. A 
minimum factor of safety of FOSunsat() = 1.58 for the final wet condition is reached 500h after the start 
of the heavy rainfall. 
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For the first 288 hours Figures 5 and 6 summarise, in the form of four contour plots, the reliability R(t) 
for Case 2 and Case 3. The global factor of safety is now computed by F(t) = FOSunsat(,t) / FOSunsat(t), at 
every time step specified for the stability analysis. Figure 5 indicates that, for Case 2, that is, with only 
s(x) varying and c’ and ’ fixed to their means, the soil response is stronger relative to the deterministic 
solution, that is, with R(t) > 0.5 for F(t) = 1.0. Evaluating the influence of the heterogeneity on the suction 
stress profile is difficult, since, besides the dependency on the soil properties themselves, s is largely 
dependent upon the relative location to the soil-atmosphere boundary and on the elevation above the 
groundwater level. 

Due to the non-linearity of the soil-water retention curve, as well as the positive correlation between 
ln() and ln(), the degree of saturation is most likely to be higher in a zone with a lower porosity, that is, 
for a similar location under the same initially dry steady state conditions. This means that, for a specific 
suction head value, the effective degree of saturation Se =  (Equation 4) is likely to be higher in a denser 
zone, thus leading to a higher shear strength than for a soil with mean properties in the same location. 

For both the isotropic and anisotropic analyses in Case 2, the reliability tends to slightly decrease with 
time for a certain global factor of safety F, starting from the beginning of the heavy rainfall. This is a con-
sequence of water tending to infiltrate faster through more permeable flow paths, as well as going into 
storage in the denser zones causing a strength reduction due to the decrease of the initially high suction 
stresses s. As for Case 1, the variance of the response increases with increasing correlation length. 

 
Figure 5. Contour plot of reliability for Case 2, for isotropic and anisotropic heterogeneity 

From the Case 3 results in Figure 6, it is evident that, although the soil is gaining some strength due to the 
spatially variable suction stress (Case 2), the response distribution for this example is mainly governed by 
the spatial variability of the effective shear strength parameters c’ and ’. That is, the response based 
upon the mean properties tends to overestimate the stability of the slope, with R being relatively lower for 
ln(X)= 6. However the influence of s(x) is evident, with R increasing over time for a certain F. 

 

 
Figure 6. Contour plot of reliability for Case 3, for isotropic and anisotropic heterogeneity 
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5 CONCLUSIONS 

The influence of the matric suction on the stability of an unsaturated soil slope has been evaluated ac-
counting for the soil heterogeneity. Based on an example problem it has been shown that, although in this 
instance the failure is driven by the spatial variability of the effective shear strength parameters, neglect-
ing the influence of the suction stress may lead to an erroneous assessment of the slope reliability. 
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