
 
1 INTRODUCTION  

Hydraulic conductivity is one of the most important hydrological parameters that are required in a 
groundwater study. Slug tests have been considered as one popular and economical means for obtaining 
this parameter. Depending on the nature of the aquifer, i.e. whether it is confined or unconfined, different 
methods with different properties have been developed for the estimation of the hydraulic conductivity 
from a slug test. The most eminent ones in use nowadays are the Cooper-Bredehoeft-Papadopulos (CBP) 
method (Cooper et al., 1967), the Hvorslev- method (Hvorslev, 1951) and the Bouwer and Rice (BR)- 
method (Bouwer and Rice, 1972), though the KGS model (Butler, 1998) is also gaining popularity.  

For a confined aquifer, the Cooper-Bredehoeft-Papadopulos (CBP) method (Cooper et al.,1967) is 
considered a better measure of the field conductivity than the Hvorslev- and BR- methods (Hvorslev, 
1951), due to the inclusion of the aquifer storativity in the former (Hyder and Butler, 1995). The CBP- 
slug test method uses a semi-log plot of the ratio H(t)/Ho vs. time - where H(t)/Ho is the ratio of current 
to initial hydraulic head after the beginning of the slug injection - to match the theoretical curves devel-
oped by Cooper et al. (1967).  
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On the other hand, for an unconfined aquifer, the Hvorslev method is still one of the most widely used 
estimation method today, due to its simplicity (Butler, 1998; Campbell et al., 1990; Fetter, 2001). A mod-
ification of the Hvorslev method which considers the effect of partial penetrating conditions and a com-
prehensive handling of the effective well radius is the Bouwer and Rice (BR) method (Bouwer and Rice, 
1972). This technique is considered an improved alternative of the Hvorslev method for an unconfined 
aquifer (Todd and Mays, 2005).  

The mathematical validity of the CBP-, the Hvorslev- and the BR- method have been established pre-
viously by various researchers (Chirlin,1989; Chapuis, 1998). In recent years, many studies were also 
conducted to evaluate the sensitivities of the conductivity estimates to the variation of several other im-
portant hydraulic parameters, including the storativity and the vertical anisotropy (Bohling and Butler, 
2001; Hyder and Butler, 1995; McElwee et al., 1995a; b). Based on these and other field studies, many 
valuable suggestions have been recommended for improving the procedures of data collection, as well as 
the analyses of slug tests. Additional valuable methods were derived for slug tests as well (Butler, 1998; 
Dagan, 1978; Zurbuchen, et al., 2002). 

Despite the mentioned improvements of the Hvorslev- and of the BR- slug test method, many issues 
regarding the accuracy of the conductivity estimates obtained by these techniques still persist in practical 
applications. Thus, on one hand, both the Hvorselv- and the BR-methods are thought to overestimate the 
conductivity of a slug test, if only the early straight-line segment of the H(t) /Ho- plot is used (Hyder and 
Butler, 1995). Therefore, Bouwer (1989) suggested to use “a late straight-line segment” of the H(t)/Ho- 
plot, in order to alleviate the impact of a high conductivity gravel/sand pack on the overall conductivity 
estimation, as double straight-line segments may exist for such a case. Butler (1996), subsequently, de-
fined this late straight line segment to be in the “H(t)/Ho = 0.15 to 0.3 range” and showed that doing so, 
can reduce the overestimation of the hydraulic conductivity, particularly, in a low-conductivity aquifer.  

On the other hand, it is also reported that conductivity estimates from slug tests are generally smaller 
than those from pumping tests. Some of these underestimations of K from a slug test might be explained 
as due to the blockage of the “well-skin” effect for water flow, as suggested by previous researchers (But-
ler, 1996). However, the underestimation of conductivity by an ill-defined “well skin” effect cannot ex-
plain the generally large differences between conductivities from slug tests and the well pumping tests.  

This paper attempts to use the flow analog between the unconfined pumping test and a slug test, where 
early drawdown, late drawdown and delayed yield is used separately to estimate the conductivity and 
yield of an aquifer and a scale factor between the conductivity from a laboratory measurement and field 
tests to examine the causes for the over- and, in particular, the underestimation of the conductivity from a 
a slug test. This will be done through numerical simulations of groundwater flow under slug test condi-
tions, as well as analyses of field slug tests under various scenarios. The advantage of utilizing simulated 
slug tests, in addition to field data, is that the actual hydraulic conductivity and storativity are given, so 
that the relationships among estimated and true values of the conductivity, and of the storativity, can be 
visualized and quantified. The final goal is to provide a better understanding on the causes of the large 
difference between hydraulic conductivity obtained from slug tests and pumping tests, particularly, in a 
moderately high- to high-conductivity aquifer. 

2 THEORY OF SLUG TESTS  

Assuming a homogeneous, isotropic horizontal aquifer and ignoring the vertical flow, the CBP-, Hvoslev- 
and BR-slug test solutions can be obtained by solving the following 2D- transient groundwater flow equa-
tion in radial (polar) coordinates with axial symmetry under appropriate initial and boundary conditions 
(Neuman and Witherspoon, 1969):  
𝜕2ℎ
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where h is the hydraulic head, r is the radial distance from the center of the well (Figure 1), t is the time, 
Ss is the specific storage (equal to zero for the Hvorslev and BR method), and K is the hydraulic conduc-
tivity. From the principle of conservation of mass, the slug-induced water flowing out of the fully 
screened borehole equals the water flowing into the aquifer, i.e.  
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where rw is the effective radius of the well screen, rc is the radi-
us of the well case, b is the thickness of the aquifer, and H(t) is 
the level of water in the well at time t. 

For the CBP-method, the initial conditions are:  
h(r, 0)=0,  rw<r<∞;   H(0)=Ho                                                   (3) 
where Ho is the height of the initial slug.    The boundary condi-
tions are: 

ℎ(𝑟𝑤, 𝑡) = 𝐻(𝑡); ℎ(∞, 𝑡) = 0                                                  (4) 
For both the Hvorslev- and the BR-method, the storativity Ss=0  
in Eq. (1). The initial conditions are the same as in the CBP-
method, however, the boundary conditions are slightly different: 

ℎ(𝑟𝑤, 𝑡) = 𝐻(𝑡), ℎ(𝑅𝑒 , 𝑡) = 0                                                 (5) 
where Re is the empirical effective radius of the slug test  which 
is usually approximated by the length of the well screen or  
by 200*rw (Fetter, 2001; Butler, 1997). 

2.1 CBP Solution 
For a confined aquifer, the analytical solution of the governing equation (1) H(t) within the well was giv-
en in the forms of Bessel functions by Cooper et al.(1967). Assuming an instantaneous slug injection, 
transmissivity T and storativity S are estimated from the semi-log plot of the measured H(t)/Ho vs. time of 
a slug test from Copper et al. (1967)’s solution, by the following formula, 

𝑇 = 𝑟𝑐2

𝑡
, 𝑆 = 𝑟𝑐2𝛼

𝑟𝑤2
   (6) 

where α is the dimensionless storage parameter obtained from Cooper et al (1967)’s type curves and t is 
the time. Other parameters have the same meaning as above. 

Since the CBP-solution, unlike that of the other two slug test solutions, is based on the complete tran-
sient groundwater flow equation (1), it will also later be used as a reference solution for those of the 
Hvorslev- and the BR-method. 

2.2 Hvorslev Solution 
The Hvorslev- slug test solution is obtained using Thiem’s quasi-steady state approach, i.e. setting the 
storativy Ss=0. in Eq. (1.) and solving Eqs. (1-5). Using the screen length as the effective well radius, the 
equation for the hydraulic conductivity K is then given as (Chirplin, 1989; Hvorslev, 1957):  

𝐾 =
𝑟𝑐2 ln(𝐿𝑒𝑟𝑤

)

2𝐿𝑒𝑡0.37
 (7) 

where rc and rw have the same meaning as above, Le is the effective screen length, and t0.37 is the time, 
when the ratio of the hydraulic heads H(t)/Ho reaches 0.37. 

2.3 Bouwer and Rice (BR) Solution  
Similar to the Hvorslev -solution, the BR- slug test solution is also based on the assumption Ss=0. in the 
equation group (1-5). Again, using a Thiem's-formulation, the following equation for the hydraulic con-
ductivity is finally obtained [7]: 

𝐾 =
𝑟𝑐2 ln(𝑅𝑒𝑟𝑤

)

2𝐿𝑒𝑡
𝑙𝑛 �𝐻𝑜

𝐻
� (8) 

where Re is the effective radial distance over which the head is dissipated, and the other parameters are as 
discussed. Note that Eq. (8) is practically identical to Eq. (7) of the Hvorslev method, when one takes t as 
the time t0.37 it takes for log (H(t)/Ho) to change over one cycle, i.e. H(t)/Ho = 1 /e = 0.37 . However, the 
correction of the effective radius Re in the BR-method is slightly more complicated, because the effective 

Figure 1. Slug test scheme showing the po-
sitions of parameters and gravel/sand pack. 
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screen length Le is not directly used as the effective radius Re. In fact, the ln(Re/rw) in Eq. (8) has to be ob-
tained from calculated curves provided by Bouwer and Rice (1976) and which are also adopted in most 
hydrogeology textbooks (Fetter, 2001; Todd and Mays, 2005). 

It should be noted again that, because both the Hvorslev - and the BR-method neglect the specific stor-
age (Ss=0) - the presence of the latter would induce a flow delay in the initial stage of the slug test - , the 
solution of the equation group (1-5) with Ss=0. exaggerates the flow rate of the system. Therefore, equa-
tions (7) and (8) inherently overestimate the hydraulic conductivity of the aquifer, when storage plays a 
significant role, which is usually the case for an unconfined aquifer, for which the specific yield is high, 
i.e. usually ranging from 0.1 to 0.4. 

3 SIMULATIONS OF SLUG TESTS WITH MODFLOW 

The USGS MODFLOW groundwater flow model solves the 3D groundwater flow equation by means of a 
finite difference method under appropriate boundary and initial conditions (McDonald and Harbaugh, 
1983). This most widely used groundwater flow model has been verified and applied to umpteen of con-
fined and unconfined aquifers across the world (Todd and Mays, 2005).  

For this study, MODFLOW is adapted to solve the 2D- radial symmetric form (Eq. 1) of the ground-
water flow equation in a rectangular domain around the slug-test well.  The size of the model region has 
been set as 100x100 meters, which should be large enough, so that boundary conditions will not affect the 
area of influence of the slug test in the interior of the model domain. For the former, Neumann no-flow 
boundary conditions have been specified at the four model sides. Each cell has a size of 1x1 meter. This 
initial 1x1 meter center cell of the domain has then been divided into a cluster of 10000 1 cm x 1 cm (cen-
timeter) cells. Out of this cluster, 78 clustered 1x1 cm cells have been selected as the well cells proper, to 
form a roughly round area of 78 cm2 which is also approximately the area of a common slug well with a 
radius of 5 cm (~2 inches). The well is assumed to fully penetrate the saturated portion of the aquifer. Fol-
lowing Chirlin (1989) and Bohling and Butler’s practices (2001), the storativity or the specific yield in the 
well cells have been set as 1 to illustrate the concept that the water drained as a consequence of a unit 
head drop in a slug well equals the volume of that height of water in the well itself, which mimics the sit-
uation that no solid grains are present in the well, i.e. the porosity is one. For simplification, gravel pack-
ing around the well screen has not been considered in the slug test simulations and the well screen ex-
tends over the full thickness of aquifer, i.e. fully penetrating well-conditions are assumed in the slug tests. 
The thickness of the aquifer is 100 meters and the screen length used is 80 meters in most situations dis-
cussed in the following sections, unless specified otherwise. 

4 EFFECTS OF SLUG SIZE AND DURATION OF SLUG INJECTION ON ESTIMATED 
CONDUCTIVITIES 

One interesting discovery from the simulation results is that the slug sizes do not have a measurable effect 
on the values of the estimated hydraulic conductivity, if the early straight line segment of the 
log(H(t)/Ho)- plot is used and either the Hvorslev-, or the BR- method is used (Figure 3). Because there 
are no gravel or sand packs around the well screens and, so, no skin effects in the simulated slug wells, 
the first straight-line segment of log(H(t)/Ho) reflects the instantaneous discharge of the water from the 
slug well into the aquifer storages. The first straight-line segments of all different sizes of slug injections 
have an identical slope, so that the critical time t0.37 is identical for all slug sizes. However, the first 
straight lines break off into a curve at a different time for different slug sizes, such that the “early draw-
down” ends earlier for smaller than for larger slugs. This is consistent with the common observations of 
“early and late drawdown and delayed yield” for the unsteady radial flow in an unconfined aquifer in a 
pumping well (Todd and Mays 2005). This “early drawdown”, which produces the first straight- line 
segment, may reflect the actual aquifer conductivity. As will be discussed later, for the 30 slug wells in 
the Texas study site, for which the slug sizes are available (Houston and Braun, 2004), statistically signif-
icant correlations (95% confidence) between the slug sizes and estimated conductivities were neither ob-
served, corroborating our simulation findings here.  

On the other hand, the time duration of the slug injections affects the conductivity estimation by the 
Hvorslev- and BR- methods, particularly, for the unconfined aquifers, even if the first straight-line seg-
ments are used (Figure 3). Thus, whereas for a confined aquifer, the differences in t0.37 for varied dura-
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tions of the slug injections are minor, the situation is quite more worrisome for an unconfined aquifer. For 
the latter, the duration of the slug injection has a significant effect on the estimated value of the conduc-
tivity, such that the longer the duration, the smaller the conductivity. Figure 3 shows clearly that this ef-
fect is more apparent in a high-conductivity unconfined aquifer. In a practical field study, injections of 
slugs can rarely be conducted within a 0.001-second period, as done here in the simulations - even with a 
pneumatic pressure injection method (Leap, 1984; Butler et al., 1996) - and are usually longer. 

 

  

Figure 2. Semi-log plot of H/Ho vs. time of simulated slug 
tests with varied slug sizes injected (in gallons g as 
indicated) within 2 seconds, for a case with con-
ductivity K = 1m/d and storativity Sy = 0.2.  

Figure 3. Semi-log plot of log(H/Ho) vs. time of simulated 
slug tests with varied time durations of slug injec-
tion. “Un” stands for an unconfined, “Con” for a 
confined aquifer; number s is the duration of 
injection in seconds. 

5 OVER- AND UNDERESTIMATION OF CONDUCTIVITIES BASED ON SIMULATED DATA  

Because the hydraulic conductivities used in the simulations are known, the finally estimated values using 
the CBP-, the Hvorslev-, and the BR- methods can be compared directly with the former.  

5.1 Estimated Conductivities from the CBP Method 
 

 
Figure 4. Ratios of estimated conductivities K (in m/d) from CBP curve fitting to actual conductivities used in in the simulated 

slug tests of confined aquifers as a function of the storativity S. 

Following the traditional procedure of the CBP-method for estimation of the conductivity in a confined 
aquifer, the semi-log plots of H(t)/Ho vs. log (time) extracted from the simulated slug tests have been 
manually fitted to the CBP curves. The estimated conductivity values are within ±20% of the assumed in-
put conductivities (Figure 4). Part of these 20%- variations might be due to the inconsistence in the man-
ual curve fittings and the small time steps used in the MODFLOW simulation for extracting multiple hy-
draulic heads within 0.1 seconds after a slug injection. The CBP method is generally regarded as a 
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relatively reliable method for estimating conductivities and is considered better than the Hvorselv method 
in a confined aquifer (Chirlin, 1989; Butler et al., 1994; Chapuis, 1998; Hyder et al., 1994). 

5.2 Estimated Conductivities from the Hvorslev, and Bouwer and Rice Methods 
In a confined aquifer, overestimation of the conductivity by the Hvorslev method is, unlike for an uncon-
fined aquifer, relatively small, because of the low storativity of 10-6 to 10-3  in the former, regardless of 
whether the first or a late straight-line segment is used (Figures 3 and 4).  

In an unconfined aquifer, however, theoretically, both the Hvorselv- and the BR- method overestimate 
the aquifer conductivity, due to their inherent omission of the storativity, i.e. the specific yield Sy, in their 
solutions. This can be clearly seen from Figure 5, where the ratios of estimated vs. actual conductivities 
are plotted as a function of the specific yield Sy for the example case of a 100-meter-thick aquifer and a 
screen length of 80 meter. As expected by theory, this overestimation of K increases with increasing Sy 
.and is particularly high for small values of K. This result gives some support for the common practice of 
using a “late straight-line segment” in the log (H(t)/Ho)- plot - as suggested by Bouwer (1989) to deal 
with the impact of a gravel/sand pack on conductivity estimates, when double straight-line segments exist 
- which, unintentionally, leads to a larger higher t0.37, (e.g. Figure 5) , i.e. to a smaller K-value again. 

In contrast, when the conductivity of the unconfined aquifer is moderately high to high (K>5 m/d), the 
K- overestimation error of both methods decreases (Figure 6). The major reason for this is, that because of 
the fast decay of the slug-induced initial head H0 in a high conductivity aquifer, a fast subsequent record-
ing of H(t) within a second and less after slug injection is also required. As this can barely be achieved in 
a real field slug-test, one may, again unintentionally, use a somewhat "later straight-line segment", which 
partly re-corrects for this overestimation bias for K. For example, Figure 6 shows a simulated case with 
Sy=0.3, K=50 m/d and a 0.001s - long slug injection. Obviously, the best K - estimate is obtained when 
using "inadvertently" the "middle straight-line segment", i.e. having missed out on the very early records 
of the head-drops.  In fact, further simulations show that the simulated time t0.37 for this case ranges from 
1.2s for a 1-m screen length to 0.044s for a 80-m screen length, which for the latter requires indeed a fast 
and short-sampled recording after slug injection which is seldom possible in a real field slug test.  

The above results may be cast in the framework of the hydraulic diffusivity DH , of an aquifer, defined 
as DH  = (K *d)/Sy  or its scaled inverse, the hydraulic diffusion time tD  ~ d**2/DH  = d*Sy /K), where d is 
a scale length, which could be the radius of the well. DH determines the transient solution of the parabolic 
groundwater flow equation (1), such that the diffusion time tD is the time for a perturbing head pulse to 
propagate a distance d through the aquifer. Thus, one may say that the slug-test estimation of the hydrau-
lic conductivity K with both the Hvorselv- and the BR- methods work reasonably well, if the "straight-
line segments" are somewhat taken in a range that is not much smaller than tD . 

 

 
Figure 5. Ratios of estimated conductivity K (m/d) from the Hvorslev method to actual conductivities as a function of the  

specific yield Sy (unconfined aquifer). 
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Figure 6. Semi-log plot of H/Ho vs. time of simulated slug tests for an unconfined aquifer with K=50 m/d and Sy=0.3. ti is the 

time for H/Ho to reach 0.37, and KH and KB&R are the estimated conductivities from the Hvorslev- and the BR-
method, respectively. 

6 COMPARISON OF HYDRAULIC CONDUCTIVITIES BETWEEN FIELD PUMPING- AND SLUG 
TESTS  

Extensive field data from 154 slug and 40 pumping tests in an area of roughly 14 square kilometers were 
obtained from a site at Fort Worth, Texas, during 2002 and 2003. Most of the wells appear to tap into the 
alluvial deposit, limestone, and some into confining layers. Detailed analyses of the slug tests and the re-
sults around the site are reported by Houston and Braun (2004). The average conductivity is 10.17m/d for 
the slug-test, but 70.01m/d for the pumping tests (Figure 7). One can tell that the conductivities estimated 
from the slug tests are almost 7 times smaller than the conductivities from the pumping tests (Butler and 
Healey, 1998).  

 

 
Figure 7. Comparison of conductivity values of slug (left panel) and pumping (right panel) tests from Fort Worth, Texas 

(Houston and Braun, 2004). 

Because conductivities from pumping test are generally considered to better reflect the aquifer’s true con-
ductivity, the significant deviation of the conductivity from slug tests from that of pumping tests is beg-
ging for explanation. Why, although, theoretically, the slug test is supposed to overestimate the conduc-
tivity, particularly, in an unconfined aquifer, is it that, in reality, it’s estimated conductivity is almost 
always smaller than the actual one, if one assumes that the conductivity from the pumping test represents 
the true conductivity of the aquifer (Butler and Healey, 1998)?  
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Figure 8. Semi-log plot of H(t)/Ho from well ST14-W23 of Houston and Braun (2004,) with three multi-straight line seg-

ments added. The earliest, middle, and last fitted straight line segments are shown. Other symbols in the legend have 
the same meanings as in Figure 6. 

Examining historical studies of pumping test in unconfined aquifers reveals that a significant source of 
water drag that was ignored in all theoretical slug test equations is the unsaturated flow, as suggested by 
Boulton (1970). The amount of water drag in a pumping test from unsaturated flow may be insignificant 
compared with the volume of water flowing to a pumping well. However, it can be quite significant in a 
slug test situation, due to the small volume of water involved. The smaller the slug size, the larger this ef-
fect will be. This drag may be more than sufficient to count the “extra” water gain from the neglect of the 
storativity in the slug equation. Because the drag of water from unsaturated flow is only significant in an 
unconfined situation, and slug tests are usually conducted in shallow aquifers, this might, at least partial-
ly, explain, why conductivities from slug tests can be significantly smaller than those from pumping tests.  

Another possible source of error for the underestimation of the conductivities lies probably in the fit-
ting of the H(t)/Ho- vs time semi-log plot. Figure 8 shows such a plot, together with three multi-straight 
line- segments, for the slug test at the well tested by Houston and Braun (2004). Thus, similar to the simu-
lated data, depending on which of the three line-segments is used in the analysis, obviously significantly 
different hydraulic conductivities are obtained. Because high conductivities are generally reported in allu-
vial aquifers and uniformly high conductivities, in particular, for all the pumping tests from this site, it is 
likely that a higher conductivity estimate obtained with the early straight-line segment of the head plot re-
flects the actual conductivity of the aquifer better than the lower conductivity estimate from a later line-
segment. Therefore, if the traditional approach of “using the late straight-line segment” for estimating 
conductivity were used here, it would yield a more erroneous conductivity than that of the early straight-
line segment. These results appear to corroborate Butler and Healey (1998), that slug tests made in a high-
conductivity aquifer often deliver conductivity estimates too low, as a there is a lack of hydraulic data in 
the first seconds of the test. The third possible source of the underestimation might be the scale effect, as 
discussed by Butler and Healey (1998) which induces preferential flow paths in a large- scale pumping 
test. Of course, the inaccurate accounting for the skin effect in a slug test well can also significantly lower 
the hydraulic conductivities, as it has been surmised in many other previous studies (e.g. Butler, 1998). 

Accurate estimation of the hydraulic conductivity from a slug test is made difficult further by many 
other variations in a slug well, including varied screen lengths, the sand/gravel pack’s high specific yield 
around the screen, partial penetration, the named well skin effect, and anisotropy of aquifers, as discussed 
by several researchers (Butler et al., 1994; Rovey II and Niemann, 2001; Malama et al., 2011). In particu-
lar, it needs to be cautioned that the first straight-line segment of a slug test can also be associated with 
the high conductivity of a thick sand/gravel pack around a well screen, or when the latter is only partially 
submerged under water and the actual aquifer conductivity is low (Binkhorst and Robbins, 1998). In a 
simplified situation, if a slug test is conducted in a fully penetrating well and isotropic conditions are as-
sumed, and when either the Hvorslev- or the BR method is used for estimating the conductivity and a 
general conductivity range can be estimated depending on the aquifer type, the recommendation of this 
study is: for an aquifer with low conductivity (more clayey shale type aquifer with little fractures with 
K<1 m/d) (large diffusion time), use a “late straight-line segment” (or “0.15 to 0.3 of normalized head”, if 
the gravel pack effect is limited) to reduce the overestimation; for an aquifer with moderately high to high 
conductivity (sandstone or crystalline rock with fractures, where K is likely >5 m/d) (short diffusion 
time), take the earliest possible hydraulic head reading after slug injection, and use the first straight line- 
segment; and, lastly, for an aquifer with a conductivity between 1 and 5 m/d, do either a small correction 
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or no correction, depending on the sampling speed of the hydraulic head recordings after slug injection 
and the duration of the latter.  
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