
1 INTRODUCTION 

One of the sources of river sediment is riverbank 
failure among which planar failure is the most 
common type. This phenomenon usually happens 
in steep and relatively low height banks composed 
of cohesive sediments (Thorne, 1999). In such 
cases, riverbank stability analysis is typically un-
dertaken by computing the ratio of resisting and 
driving forces applied to the most critical failure 
surface (Figure 1); i.e.  FS=FRp/FDp, in which FS, 
FRp, and FDp = factor of safety with respect to 
bank failure, the resultant resisting force, and the 
resultant driving force, respectively.  

There are a large number of riverbank stability 
analyses for planar failures (e.g. Osman and 
Thorne, 1988; Darby and Thorne, 1996; Rinaldi 
and Casagli, 1999; Simon et al., 2000; Amiri-
Tokaldany et al., 2003, Samadi et al., 2009, 
among others), with each model varying in the 
ways they simulate the resisting and driving 
forces. According to Amiri-Tokaldany et al. 
(2003) the resultant driving and resisting forces 
acting on a unit width of the failure block can be 
written as follows: 

β θ β= − +p cp twFD W sin F sin H cos         (1) 

b
p

cp tw

FR CL S tan
(W cos F cos U H sin ) tan

φ
β θ β φ

= +
+ + − − ×

     (2) 

Where β = the failure plane angle, θ  = the an-
gle between the direction of the resultant of the 
hydrostatic confining pressure and a normal to the 
failure plane, W = the weight of a unit width of the 
failure block, Fcp = the hydrostatic confining pres-
sure acting on a unit width of the failure block, 
Htw = the hydrostatic force exerted by any water 
present in the tension crack on a unit width of the 
failure block, C = the effective cohesion of the 
bank material acting along the surface of failure 
plane, L = the length of the failure plane, S = the 
resultant negative pore water pressure, φ b = the 
angle expressing the rate of strength increase re-
lating to the negative pore water pressure, U = the 
resultant uplift force or positive pore water pres-
sure acting on a unit width of the failure block, 
and φ  = the effective internal friction angle of 
bank material (Figure 1). 
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Figure 1 The framework for the riverbank stability analysis 
used herein, illustrating the forces exerted on an incipient 
failure block. H = height of riverbank; WSE = level of the 
water in river; RI = elevation of the river bed; BW = location 
of the tension crack or the magnitude of the bank retreat; 
NG = natural ground level; GWSE = level of the ground wa-
ter; α and β = angles of riverbank before and after bank fail-
ure, respectively; and K= depth of the tension crack. Points 
yt, ys, yf, yfp and yk along with the heights H´, X, and Y are 
used to define the geometry of the riverbank (After Samadi 
et al., 2009) 

From Figure 1 and Equations (1) and (2) it is 
evident that the failure plane angle (β ) and ten-
sion crack depth (K), define the failure block 
geometry, and thus play an important role on the 
stability analysis of the riverbank. Unfortunately, 
neither β  nor K can be measured directly prior to 
bank failure, so it follows that accurate estimation 
of the factor of safety requires accurate prediction 
of these parameters. Many researchers have de-

veloped models to predict foresaid factors; e.g. 
Osman and Thorne (1988), Alonso and Combs 
(1990), Darby and Thorne (1996), Amiri-
Tokaldany et al. (2003),  among others. In terms 
of tension cracks, there are some published paper 
on determining the depth and location of tension 
cracks; e.g. Lohnes and Handy's (1968), Darby 
and Thorne (1994), Langendoen and Simon 
(2008), among others. However, the validity of 
them is undermined, while there is no analytical 
solution to determine the failure plane angle. In 
this research a method to determine the failure 
plane angle and tension crack depth is introduced.  

2 MODEL DEVELOPMENT 

2.1 Failure Plane Angle 
As stated above, bank stability is modeled using a 
factor of safety as defined in Equations (1), and 
(2). To determine the failure plane angle, and the 
depth of the tension crack, it is first necessary to 
define all the known parameters in Equations (1) 
and (2) so that they can be solved to determine 
these two unknowns. Based on Figure 1, the 
weight of the failed block can be determined us-
ing: 

W
W

A
W B

tan β
= −

  (3) 

in which Aw and Bw are defined in Table 1.

Table 1. Equations used to calculate Aw and Bw. See Figure 1 for definitions of symbols 
Bank Geometry type Bank Geometry Speci-

fication 
Aw Bw 

 I k t fpy y y= =  & f sy y=  2 2s Hγ 2 2s H tanγ α

II k t fpy y y= =  & f sy y<  2 2s Hγ 2 2'
s H tanγ α

III k t fpy y y< =  & f sy y=  2 2 2s ( H K )γ − 2 2s H tanγ α

IV k t fpy y y< =  & f sy y<  2 2 2s ( H K )γ − 2 2'
s H tanγ α

V k t fpy , y y<  & f sy y=  2 2 2s ( H K )γ − 2 2 2s h( H K ) tanγ α−

VI k t fpy , y y<  & f sy y<  2 2 2s ( H K )γ − 2 2 2'
s h( H K ) tanγ α−

 
Moreover, the angle of θ  (Figure 1) is defined 

as:  
90 ( )θ β ω= − +   (4) 

where ω = the angle between the resultant of 
hydrostatic pressure and the horizontal line (Fig-
ure 1). The hydrostatic pressure for different water 
levels within the river, and for different bank 
geometry configurations, can be determined using 
the equations listed in Table 2.   
   

 
By rearrangement, the force resulting from the 
negative pore water pressure (S), is determined us-
ing:  

SA
S

sin β
=

  (5) 
where AS depends on the bank geometry and the 
magnitude of the capillary height rise within the 
soil particles. If measurements of the soil matric 
tension are available, the following equation can 
be used to determine AS directly: 
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2
w

SA h L
γ

=
  (6) 

in which h = the matric suction and L = the effec-
tive length affected by matric suction. The hydros-
tatic force resulting from the presence of water in-
side the tension crack is also determined from the 
relations introduced in Table 3.  
 
Moreover, by taking into consideration all possi-
ble bank geometries and relative locations of wa-
ter levels in the river and the bank, and by rear-
ranging, the positive pore water pressure (U) can 
be determined using: 
 

wU
U

cos β
=

  (7) 

U
w U

A
U B

tan β
⎛ ⎞

= −⎜ ⎟
⎝ ⎠   (8)  

where AU and BU are parameters introduced for 
purposes of clarity and which represent the bank 
geometry and the relative positions of the water 
surface and ground water table elevations, respec-
tively (Table 4). 
 
 

Table 2 - Equations to calculate Fcp and  ω for different bank geometry and the location of river water level. See Figure 1 for 
definitions of symbols 
Bank Geometry 

Type 
The location of 

River Water 
Level (WSE) 

Fcp ω 

All types fW SE y≤  0.0 - 

I, II, V f ty W SE y< ≤ 2 21 2w w( H cot )α γ+  1tan (cot )α−  
II, IV,VI f sy W SE y< ≤ 2 2w wH γ 0.0 
II, IV,VI s ty W SE y< ≤ ( )44 2 2w w w( H H ( H H ) cot )α γ′+ − −  ( )1 2 2

w wtan ( H ( H H )) cot Hα− ′− −

V t fpy W SE y< ≤ ( )( ) 44 22 2w h w h w( H H K H ( H K ) cot )α γ⎡ ⎤+ − − −⎣ ⎦
 [ ]( )1 22h w wtan ( H K )( H ( H K ) cot Hα− − − −

VI t fpy W SE y< ≤ ( )( ) 44 22 2w h w h w( H H K H ( H K ) cot )α γ′ ′⎡ ⎤+ − − −⎣ ⎦
 [ ]( )1 22h w wtan ( H K )( H ( H K ) cot Hα− ′ ′− − −

 

Table 3- Equations to determine the value of AS and Htw . See Figure 1 for definitions of symbols 
Bank Geometry Type The Location of 

Ground Water Table 
Capillary Height 

within Soil 
AS Htw 

 

All Bank Geometry 
Types 

kGWSE y>  - 0.0 ( )2 2w wH ( H K ) γ− −

 

kGWSE y<  

kh GWSE y+ > ( )2 2w wH H K ) γ− − 0.0 

kh GWSE y+ < 2 2wh γ 0.0 

      
At the point of incipient failure (i.e. for the case 
when FDp = FRp), and substituting Equations (3)  
to (10) into Equations (1) and (2), it can be shown 
that:  

W W
cp

b
S

tw

W W
cp

U U
tw

A B
sin F sin(90 ( ))

tan tan

A tanC(H K)H cos
sin sin

A B
cos F cos(90 ( ))

tan tan
tan

A B
H sin csc

tan tan

β β ω
β α

φ
β

β β

β β ω
β α

φ
β β

β α

⎛ ⎞
− − − +⎜ ⎟

⎝ ⎠

−
+ = + +

⎡ ⎤⎛ ⎞
− + − +⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥
⎢ ⎥⎛ ⎞⎢ ⎥− − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦   (9) 
After rearrangement, this gives: 

0 0

W cp W tw

W cp tw
b

S U

W U

( A F (cos sin tan ) B tan H ) cos

( B F (sin cos tan ) H tan ) sin

( C ( H K ) A tan A tan ) csc
cos( A tan ) ( B tan ) sec .
tan

ω ω φ φ β

ω ω φ φ β

φ φ β
βφ φ β
β

− + + +

− − − − −

− + − −

− =
 (10) 

By considering that: 

W cp W twA A F (cos sin tan ) B tan Hω ω φ φ= − + + +  (11) 

W cp twB B F (sin cos tan ) H tanω ω φ φ= − − −    (12) 

b
S UD C ( H K ) A tan A tanφ φ= − + −           (13)     

WE A tan φ=   (14) 
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Table 4- Equations for calculating AU and BU for different Bank Geometry Type and at different locations of river and ground 
water level. See Figure 1 for definitions of symbols 
Bank Ge-

ometry 
Type 

The Location of River (WSE) and 
Ground (GWSE) Water Levels 

Au Bu 

All Types fGW SE y≤  0.0 0.0 
All Types f ky WSE GW SE y< = ≤  2 2u wH γ 0.0 

III, IV,V,VI k fpy W SE GW SE y< = ≤  2 2 2u w(Y Y H ) γ− 0.0 
II,IV,VI s ty W SE y< ≤  2 2u wH γ 0.0 
I,III,V f k ty GW SE W SE y y< < ≤ ≤  2 2u wH γ 2 2 2u w w( H H ) tanγ α−

I,III,V f k ty GW SE W SE y y< < ≤ ≤  2 2u wH γ 2W u u w( H H ) H tanγ α−

II,IV,VI f s k ty W SE y GWSE y y≤ ≤ < < ≤ 2 2u wH γ 2 2u w( H X ) tanγ α−

II,IV,VI s k ty W SE GWSE y y≤ < < ≤  2 2u wH γ 2 2 2u w w( H X ) ( H X ) tanγ α− − −

II,IV,VI s k ty GW SE WSE y y≤ < < ≤  2 2u wH γ u w u w( H X )( H H ) tanγ α− −

III,V s k ty W SE GWSE y y≤ < < ≤  2 2 2u w(Y Y H ) γ− 2 2 2u w w( H H ) tanγ α−

III,V s k ty W SE GWSE y y≤ < < ≤  2 2 2u w(Y Y H ) γ− 2w u u w( H H ) H tanγ α−

IV,VI f s k ty W SE y y GW SE y≤ ≤ < < ≤ 2 2 2u w(Y Y H ) γ− 2 2u w( H X ) tanγ α−

IV,VI 
k ty GW SE y< ≤ &

s ty GW SE y< ≤  2 2 2u w(Y Y H ) γ− 2 2 2u w w( H X ) ( H X ) tanγ α− − −

IV,VI k ty GW SE WSE y≤ < ≤  2 2 2u w(Y Y H ) γ− u w u w( H X )( H H ) tanγ α− −

V 
k ty y GW SE≤ <  &

s ty GW SE y< ≤  2 2 2u w(Y Y H ) γ− 2 2 22 2u h w w( H ( H K ) H ) tanγ α− − −

V 
k ty y GW SE≤ <  &

t fpy GWSE y< ≤  2 2 2u w(Y Y H ) γ− u h w u w( H K )( H H ) tanγ α− −

V s t ky W SE y GW SE y≤ ≤ < ≤  2 2u wH γ 2 2 22 2u h w w( H ( H K ) H ) tanγ α− − −

V 
t ky GW SE y< ≤  &

t fpy GWSE y< ≤  2 2u wH γ u h w u w( H K )( H H ) tanγ α− −

VI f s k ty W SE y y y GW SE≤ ≤ < ≤ < 2 2 2u w(Y Y H ) γ− 22 2' '
u h h w( ( H X )( H K ) ( H K ) ) tanγ α− − − −

VI 
k ty y GW SE≤ <  &

s ty GW SE y< ≤  2 2 2u w(Y Y H ) γ− 2 22 2' '
u h h w w( ( H X )( H K ) ( H K ) ( H X ) ) tanγ α− − − − − −

VI 
k ty y GW SE≤ <  &

t fpy GWSE y< ≤  2 2 2u w(Y Y H ) γ− '
u w h w( H H )( H K ) tanγ α− −

VI f s t ky W SE y y GW SE y≤ ≤ < < ≤ 2 2u wH γ 22 2' '
u h h w( ( H X )( H K ) ( H K ) ) tanγ α− − − −

VI s t ky W SE y GW SE y< ≤ < ≤  2 2u wH γ 2 22 2' '
u h h w w( ( H X )( H K ) ( H K ) ( H X ) ) tanγ α− − − − − −

VI 
t ky GW SE y< ≤  &

t fpy W SE y< ≤  2 2u wH γ '
u w h w( H H )( H K ) tanγ α− −

    

uF B tanφ=  (15) 

it is then possible to derive: 

1 1 0 0cosA cos B sin D E F .
sin tan cos

ββ β
β β β

− − − − =

(16) 
By multiplying both sides of Equation (16) by 
tan
cos

β
β

⎛ ⎞
−⎜ ⎟
⎝ ⎠

, in turn this gives: 
3 2 0 0F tan ( B D ) tan ( F A ) tan ( D E ) .β β β+ + + − + + =  (17) 

For  F = 0 (cases 1 to 4 in Table 3), the failure 
plane angle can then be determined using: 

2

2

4

Atan
( B E )

A ( B E )( D E )

β ± Δ
=

+

Δ = − + +   (18) 
Hence, for Δ = 0, there is only one possible 

root and the solution for β is unique. For 0Δ ≠  
there are two possible solutions for β, of which ei-

ther both can be negative, both can be positive, or, 
one can be positive and the other one can be nega-
tive. Clearly, solutions that provide values of β <0 
are not physically meaningful, as is any solution 
for which β > α. In the event that both solutions 
for β provide positive values, but both are smaller 
than the bank angle; i.e. 1 20 β β α< < < , it can be 
noted that the stability of riverbanks has an in-
verse relation with the riverbank angle; that is as 
the riverbank angle decreases the riverbank be-
comes more stable. Similar to left or right limits, 
in mathematics, we may consider that for 1β  the 
factor of safety tends to unity from its right hand 
side (values bigger than 1), whereas for 2β  the 
factor of safety tends to unity from its left hand 
side (values less than 1). Hence, the smaller value 
of β   (i.e., 1β ) is chosen in these cases. 

 Otherwise, for 0F ≠ , by taking: 

3
B Dtan T

F
β +⎛ ⎞= −⎜ ⎟

⎝ ⎠            (19) 
Equation (17) is reduced to: 
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3 0T pT q+ + =   (20) 
in which: 

21
3

F A B Dp
F F
− +⎛ ⎞= − ⎜ ⎟

⎝ ⎠   (21) 

3

22
3 3

B D ( F A )( B E ) D Eq
F FF
+ − + +⎛ ⎞= − +⎜ ⎟

⎝ ⎠   (22) 
Hence, T can be calculated using: 

2 2 2 2
3 3

2 2 2 2 2 2
q q p q q pT ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠  (23) 

from which the failure plane angle is given by: 
 

1
3

B Dtan T
F

β − +⎛ ⎞= −⎜ ⎟
⎝ ⎠   (24) 

2.2 Tension Crack Depth 
The depth of the tension crack is the only un-
known parameter in the above equations and must 
therefore be determined prior to calculating the 
failure plane angle. Based on laboratory experi-
ments and field observations, the tension crack 
depth is a function of the specific weight of the 
soil materials, the bank angle, and soil resistance 
characteristics (internal friction angle and appar-
ent cohesion, Ca): 

1 0 0a sF ( ,C , , ,K ) .φ γ α =   (25) 
The apparent cohesion includes the effective 

cohesion as well as any additional strength due to 
matric suction and/or plant roots. Since the num-
ber of parameters affecting the tension crack 
depth is small, the Rayleigh method of dimen-
sional analysis can be used. Hence, Equation (25) 
can be written as: 

1 a b
s aK C

N
γ=

  (26) 
In which N = a non-dimensional stability num-

ber here. By considering the dimensions of the pa-
rameters in Equation (26), it can be seen that: 

2 2 1 2a bL ( ML T ) ( ML T )− − − −=   (27) 
which implies that: 

 

1

0 0 2 1
1 1

1 a
s a

s

a b . and a b
a and b

CK C N
N K

γ
γ

−

+ = + = −
⇒ = − =

= ⇒ =
  (28) 

Hence: 

2 0 0F ( , , N ) .α φ =   (29) 
To define a form for this relation, it is neces-

sary to employ empirical data defined using either 
laboratory or field experiments. Laboratory data 
are especially attractive for this purpose since the 
controlled conditions under which they are ob-
tained are more amenable for precisely discrimi-
nating bank geometries immediately before and 
after the bank failure, the time of bank failure, as 
well as the precise mechanism of bank failure. In 
contrast, such information is not typically accessi-
ble within the field, where data are usually ga-
thered some time after bank failure events. It is 
perhaps surprising, therefore, that physical models 
of riverbank failure have not previously been 
widely used in the literature and as a result there 
is a substantive lack of empirical information 
about the real situation of riverbanks at the time of 
failure. In this research, we therefore employ data 
from a novel set of laboratory experiments and 
event-based field data. 

3 LABORATORY SIMULATED BANK 
FAILURE 

To define the form of Equation (29) which indi-
cates the relationship between tension crack depth 
and the controlling parameters, and to gather high-
quality data for the purpose of model validation 
(see Section 4), we designed a novel physical 
model to conduct a series of experiments under 
highly controlled conditions. Since during the 
process of riverbank mass failure, the flow of wa-
ter has no effective role upon this phenomenon, 
the flow pattern is omitted, but to enter the effects 
of hydrostatic water pressure against riverbank, 
the physical model is constructed using a range 
(see below) of sandy and sandy-silt materials in-
side a rectangular box with a length of 180 cm, 
height of 100 cm and width of 60 cm. We in-
stalled two control valves at different positions to 
apply different water depths against the bank con-
structed inside the box (Figure 2). 
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Figure 2 A schematic plan and cross section of the physical 
model used in the riverbank failure experiments. Note that 
in this case, H’=H=Hf 

In Figure 2 Hw, Hu are the depth of water in the 
river and the depth of ground water above the 
bank toe, respectively. Experiments were con-
ducted using 4 different types of uniform sedi-
ment, with mean grain sizes of 2.5, 1.5, 0.25, and 
0.05 mm, respectively. For each material a total of 
5 bank failures were induced by varying sγ , φ , H, 

'H , and α,  giving a total of 20 experimental bank 
failures.  For each material, specific weight was 
measured using sand core tests, while the soil co-
hesion and internal friction angle values were ob-
tained via direct shear tests. To measure the value 
of the geometrical parameters of banks before and 
after bank failure, graduated measuring scales 
were attached to the box so that it was easy to 
precisely (to within ± 1 mm) read and record these 
parameters during each experiment. 

To apply a hydrostatic confining force upon the 
bank, and to create the ground water table, both 
varying gradually over time, the opening of both 
valves was adjusted to create a range of hydro-
graphs  with arbitrary shapes.  In addition to the 
data obtained from the laboratory experiments, we 
also employed a field data set which included 
measurements of tension crack depth from three 
streams (Long Creek, Goodwin Creek and Hoto-
phia Creek) in northern Mississippi, USA (Thorne 
et al., 1981). These data lend confidence to the pa-
rameterization of the form of the tension crack 
depth relationship (Equation 30). For each of 
these groups of data, we calculated the dimension-
less stability number (N), as defined in Equation 
(30), and by considering the magnitudes of the in-
ternal friction and bank angle, we developed the 
group of curves shown in Figure 3. In this way, 
for given values of internal friction angle and ri-

verbank angle, the value of N may be estimated 
from Figure 3, from which the tension crack depth 
can then be estimated. During and after each la-
boratory experiment, the amount of β, K, and BW 
were measured carefully to be able to compare 
them with those obtained using the method de-
scribed above; i.e. β which obtained using Equa-
tion (24) and K which obtained using Figure 3. 
Based on Figure 1, BW can be estimated when the 
amounts of β and K are known.   
 

 

Figure 3 Relationship between the dimensionless stability 
number (N) and internal friction angle (φ) for a range of dif-
ferent riverbank angle as derived from laboratory experi-
ments and field data 

4 LIMITATIONS OF THE NEW MODEL 

The new method presented here takes into account 
the effects of a wide range of parameters in river-
bank stability. However, some limitations remain. 
The major limitation is that the model can only be 
applied for homogenous riverbanks. The effects of 
vegetation have not been considered and, in calcu-
lating the pore water pressure, it is assumed that 
the phreatic surface is parallel to the floodplain 
surface. The distribution of water pressure in the 
channel adjacent to the bank is also assumed to be 
hydrostatic.  

5 ASSESSMENT OF MODEL 
PERFORMANCE 

To evaluate the model performance and to sum-
marize the accuracy of the present equations, first, 
we determined the mean relative error (MRE) of 
each prediction using: 

1

1 n ( i ) ( i )

i ( i )

Observed Pr edicted
MRE

n Observed=

−
= ∑

 (30) 
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where n = the number of tests, and Observed(i) and 
Predicted(i) = the observed and predicted values of 
the parameters of interest, respectively. The val-
ues of MRE for β, K, and BW so obtained are an-
notated on Table 4 and indicate that the new mod-
el predicts the failure plane angle very well (MRE 
= 4%) though the ability to predict the values of 
tension crack depth (MRE = 23%) and bank re-
treat (MRE = 27%) is not so good. The larger val-
ues of MRE for tension crack depth and bank re-
treat is, in part, related to the types of soil 
materials used for laboratory experiments. The 
materials of soil type 1 to 3 were non cohesion, 
whereas soil type number 4 includes some cohe-
sive materials, are necessary to create tension 
cracks.  So as shown in Table 4, MRE of tension 
crack depth and bank retreat for soil type number 
4 is only 16.10 and 13.34%, respectively, which is 
considerably less than the amount of MRE for the 
soil number 1 and also the average amount of all 
tests. Hence, it seems that for cohesive soil mate-
rials, the present model should provide better re-
sults than non-cohesive materials.  

To compare the accuracy of the new model, the 
MRE for β, K, and BW as derived for a range of 
different models is shown in Table 5. These data 
clearly reveal that the predictions obtained from 
the new equations developed herein represent an 
improvement over existing methods.   

6 CONCLUSION       

In this research we have introduced a new analyti-
cal method to estimate the failure plane angle. Us-
ing a combination of field and laboratory data, we 
provide a set of empirical curves that are used to 
estimate the tension crack depth. We found that 
the new model provides a mean relative error 
(MRE) of 4%, 23%, and 27% between calculated 
and observed values of failure plane angle, tension 
crack depth, and bank retreat, respectively. Hence, 
the approach presented here, can be used to de-
termine the geometrical parameters of the failed 
blocks of riverbanks subject to planar failure.   
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Table 4- The Mean Relative Error of failure plane angle, 
tension crack depth and bank retreat for 4 types of materials 
used in laboratory experiments 

Soil 
Type 

Number 

Soil type de-
scription 

β K BW 

1 Cohesion-
less 

4.54(5) 55.62(4) 25.55(5) 

2 Cohesion-
less 

4.24(3) 14.06(5) 44.37(5) 

3 Cohesion-
less 

2.78(4) 11.24(5) 20.06(5) 

4 Cohesive 5.13(2) 16/10(4) 13.34(4) 

Average 
MRE 
(%) 

- 4(14) 23(18) 26.5(19) 

Note: The numbers inside parenthesis indicate the number 
of successful experiments for each soil type 

Table 5- Comparing MRE of different methods for calculat-
ing β, K, and BW 

Overall Mean Relative Error, 
MRE (%) Method 

BW K β 

7.25 37.1 19 Lohnes and Handy (1966) 

6.75 37.3 34 Osman and Thorne (1988) 

4.15 36.9 23 Alonso and Combs (1990) 

27 23 4 The new method 
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